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Abstract Let M^(P r ) be the space of (r + l)-tuples (/o, • • • , f r ) modulo homothety, where 
/o) ■ " " j fr are homogeneous polynomials of degree d in two variables. Let MJ(P r ) be the open 
subset of M d (F r ) such that /o,--- , fr have no common zeros. Then MJ(P r ) parametrizes the 
space of holomorphic maps of degree d from P 1 into P r . In general the boundary divisor 
Mrf(P r ) \ M^(P r ) is not normal crossing. In this paper we will give a natural stratification 
of this boundary and show that we can process an iterated blow-ups along these strata (or its 
proper transformations) to obtain a compactification of M^(P n ) with normal crossing divisors. 

1 Introduction 

Let M d {F r ) = p(<*+i)(r+i)-i be the space of (r + l)-tuples (/ , • • • , / r ) modulo homothety, 
where f , ■ ■ ■ , f r are homogeneous polynomials of degree d in two variables. Let M^(P r ) 
be the open subset of M d (F r ) such that /o, • • • , f r have no common zeros. Then M^(P r ) 
parametrizes the space of holomorphic maps of degree d from P 1 into P r . In general the 
boundary divisor Md(P r ) \ M^(P r ) is not normal crossing, so M d/ (f r ) is not a good com- 
pactification of the open variety M^(F r ). In this paper we will give a natural stratification 
of M d (F r ) \ MJ(P r ) and show that an iterated blow-ups along these strata (or its proper 
transformations) can be carried out to obtain a compactification of M^(P n ) with normal 
crossing divisors. 

The existence of compactifications of an open variety by adding normal crossing di- 
visors is guaranteed by Hironaka's Theorem on resolution of singularities. However, in 
practice, for certain open varieties people like to construct such compactifications ex- 
plicitly. Take, for example, the famous work by W. Fulton and R. Macpherson [1] on 
configuration spaces, and its further extensions by R. Macpherson and C. Procesi [6] and 
Ulyanov [7] . Recently Y. Hu [4] generalized the above results. For any given open variety 
meeting certain conditions, he proved that a compactification with normal crossing divi- 
sors can be obtained by blowing up along an arrangement of its subvarieties. As one of 
applications of his theorem, in the introduction and section 6 of [4], Y. Hu proposed the 
following 

Theorem 1.1. A compactification of M° L {¥ r ) with normal crossing divisors can be ob- 
tained by iterated blow-ups along the strata (or its proper transformations) of M d (F r ) \ 
M° d (W). 

S. Keel observed that some problem might arise in the iterated blow-ups. The lowest 
stratum is smooth, along which the blow-up can be carried out. However, starting from 
the second one, each stratum has singularities along the lower strata. So the second blow- 
up can be done only if one can show that the singularities of the second stratum have 
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been resolved after the first blow-up. Similarly in order to carry out the k-th (2 < k < d) 
blow-up, one has to show that the singularities of the k-th stratum are resolved after the 
first (k — 1) blow-ups. In this paper we will confirm that it is the case. As a consequence, 
Theorem 1.1 holds. 

This paper is organized as follows. Section 2 is a preliminary, in which we will describe 
a natural stratification of M^(P r ) \ M ( J(P r ) and its related properties. In section 3, we 
will first set up some notations, and then give a proof of Theorem 1.1. 

Acknowledgements I would like to thank Professor Y. Hu for his interest in and 
comments on this work. I am also grateful to Professor J. M c Kernan and Professor V. 
Alexeev for helpful discussions and suggestions. 
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d 

Let fi(x, y) = Y2sijX d ~^y^(i = 0, 1, • • • , r) be r + 1 homogeneous polynomials of degree d 
3 o 

in two variables x and y. Let R k be the subset in M^(P r ) which parametrizes /o, • ' ' > fr 
with at least d — k + 1 common roots (counting multiplicities). Then R ± C Ri C • • • C 
R d = M d (F r ) \ M°(P r ) gives a natural stratification of M d (F r ) \ M°(P r ). 
Let A( r+1 ) fcx ( d+fc ) be the following matrix: 



/soo s 01 " " " s 0d \ 

sio s n ■■■ si d 



s r0 s rl ' ' ' S rd 

SOO s 01 ' ' ' s 0d 

Sio s u ■■■ S ld 

A( r +l)kx(d+k) = (2.1) 

S r0 S r i ■ ■ ■ S rd 



Soo Soi • • • Sod 
Sio Sn • • • Sid 



V S r0 S rl ■■■ S rd J {r+ i )kx[d+k) 

Then the following lemmas are true. 

Lemma 2.1. The polynomials fo, - • • , f r have at least d — k + 1 common roots (counting 
multiplicities) in P 1 if and only if the matrix A( r+ i)kx(d+k) has rank less than 2k. 

Proof. See proposition 3 in [5]. □ 

Lemma 2.2. R k has dimension d + kr 
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Proof. Rk parametrizes all the tuples (/ , • • • , f r ), or equivalently, points [s 00 : • • • : 

d 

s od : • • • : s r0 : • • • : s 0d ] in P^+iXh-i)-^ such that j.^ y ) = J^s^y^ (i = 0, 1, • • • , r) 

have at least d — k + 1 common roots (counting multiplicities). So, to compute its dimen- 
sion, it is enough to compute the dimension of the intersection of Rk and the affine open 
sets Sjo 7^ (i — 0, 1, • • • , r). For each i, s^f^x, y) can be expressed as a product of linear 
factors x + a^y^j = 1, • • • , d). Hence we have (r + 1) ways to choose s i0 (i — 0, • • • , r), 
(d — fc + 1) ways to choose the common roots (counting multiplicities), and (k — 1) ways to 
choose the rest linear factors appearing in each s~$fi(x,y) for i = 0, 1, • • • , r. Therefore 
the dimension of the intersection of Rk and the affine open sets Sio ^ (i = 0, • • • , r) is 
(r + 1) + (d - k + 1) + (k - l)(r + 1) - 1 = d + kr, so is that of □ 

Now let us determine R^s smooth and singular loci. The following result is true. 

Theorem 2.3. The singular locus of Rk is exactly Rk-i- 

Proof. By Lemma 2.1, a point [soo : • • • : Sod s r o s r d] G Rk if and only if the 

rank of the matrix A( r+ \)kx(d+k) is less than 2k, in other words, Rk is the common zero 
locus of all the 2k x 2k minor determinants of matrix A( r+1 ) fcx ( d+fc ). 

The singular locus of R k is all the points where the rank of the matrix consisting of all 
the derivatives of locally defining functions of Rk with respect to local coordinates fails 
to be equal to the codimension of Rk in p( <i + 1 )( r + 1 )- 1 . 

For any point [soo : • • • : Sod s r o : s r a] G Rk-i, the rank of the matrix 

^(r+i)(fc-i)x(d+fc-i) is less than 2(k-l). By the only lemma in [5], rank A (r+1)kx ( d +k) = rank 
A( r +i)(k-i)x(d+k-i) + 1 < 2(fc - 1) + 1 = 2fc - 1. Suppose s iojo ^ for some i and j . Then 
s~ Q ^\M\ are all the locally defining functions of Rk, where \M\ runs over all the 2k x 2k 
minor determinants of matrix A( r+1 )kx(d+k)- The derivatives of s~^\M\ with respect to 
the local coordinate -^ 3 - are linear combinations of (2k — 1) x (2k — 1) minor determinants 

of s~^|M|. Since rank A( r+ i)kx(d+k) < 2k — 1, it follows that any (2k — 1) x (2k — 1) minor 
determinant of M vanishes, so do the derivatives of sZ*£\M\. Therefore all the derivatives 
of the local defining functions of Rk vanish on Rk-i, which implies that Rk-i is a subset 
of the singular locus of R k . 

In order to show that Rk-\ is exactly the singular locus of R k , we need to show that 
Rk \ Rk-i is smooth. 

Note that Rk parametrizes (r + l)-tuples (/o, • • • , f r ) of homogeneous polynomials 
of degree d with at least d — k + 1 common roots (count multiplicities). So given a 
point in Rk, we can find a homogeneous polynomial p(x,y) of degree d — A; + 1 and a 
(r + l)-tuples (go, • • • , Or) of homogeneous polynomials of degree fc — 1 such that y) = 
p(x, y)gi{x, y). Conversely, given any homogeneous polynomials p(x, y) of degree d — k + 1 
and a (r + l)-tuples (£/ 0) • • • ,9r) of homogeneous polynomials of degree k — 1, we can 
associate them with a point in by letting fi{x, y) = p(x, y)gi(x, y). This correspondence 
allows us to define a morphism $ fe : P^ 1 )*- 1 x p d - fe +! — > p(«»+i)(r+i)-i as $ fc ([^ 00 ; 

••• : Vo,k-i '■ fJ-io A*i,fc— i : ••• : H r o fJr,k-i]'i Wo 1S d -k+l\) = [^oo^o : 

/^OO^l + ^01^0 : ••• : /io.fc-l^d-fc+l : ••• : ^r0^0 : fJrO u l+ l^rl^O [A^k-lVd-k+l], or 
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equivalently, &k(go, 444 ,g r ',p) = (goP, 4 4 4 , 9rP), where p( r + 1 ) fc - 1 parametrizes (r+l)-tuples 

fc-i 

(go, ' • • ,9r) with gi(x,y) = ^AH? x k ~ 1 ~ j y j (i = 0, 1, • • • , r) and f d ^ k+1 parametrizes 

3=0 

d-k+1 

p(x, y) = Yl i>iX d ~ k+1 ~ l y l . It is easy to see that is surjective over R k and bijective 

(in fact isomorphic) from the preimage of R k \ R k -i onto R k \ R k -\- Therefore R k \ Rk-i 
is smooth and Rk-i is the singular locus of R k . □ 

We need the following lemma for future use. 

Lemma 2.4. The rank of A( r+1 ) fex ( d+fe ) is less than 2k if and only if any its submatrix 
with the form 



B 



( * 

* 






2kx(d+k) 



o \ 







V 








* 
* 



* 
* 



(2.2) 



2kx(d+k) 



has rank less than 2k, where the position marked by (*,*,••• , *) in each row is filled 
with one of the vectors from (s i0 , Sn, • • • , Sid),i = 0, • • • , r. 

Proof. The "only if part is trivial, so we only need to show the "if part. 
We use induction on k. 
k — 1 is trivial. 

Suppose that our lemma is true for k — 1, i.e., that any submatrix in ^4( r +i)(fc-i)x(d+fc-i) 
with the form B 2 (k-i)x(d+k-i) has rank less than 2(k — 1) implies the rank of 



is less than 2(k — 1). We need to show that the rank of A( r+ i)kx(d+k) 



A(r+l)(k-l)x(d+k 

is less tahn 2k if all it submatrices with the form B 2 kx(d+k) have rank less than 2k. 
Two subcases: 

Subcase I: All of the submatrices with the form B 2 (k-i)x(d+k-i) have rank less than 
2(k — 1). By our inductive assumption rank74( r+1 )( fc _ 1 ) x ( (J+fc _ 1 ) < 2(k — 1). By the 
only lemma in [5], which says that rank A( r+ i) kx (d+k) = rank A( r+ i)( fe _i) x((i+fc _i) + 1 if 
rank A( r+ i)( fc _i) x(< n. fc _i) < 2(k - 1), we have that rank A (r+1)kx(d+k) = 



ranki4( r+ i) (fc _i) X ( < n. fc _i) + 1 < 2(k - 1) + 1 < 2k. 

Subcase II: At least one of the submatrices with the form B 



2(fc-l)x(d+fc-l) 



has rank 



equal to 2(k — 1). We will show that r&nk A( r+ i) kx ( d+k ) = 2k — 1 < 2k. 

Denote the submatrix consisting of vectors from the [(r + 1) • (i — 1) + l]-th row to the 
[(r + 1) • z]-th row in ^4( r +i)fcx(d+fc) the i-th block, where i — 1, • • • ,k. By the assumption 
of subcase II, there is at least one matrix with the form B 2 t k -i)x(d+k-i) an d rank 2{k — 1). 
Pick a such matrix and still denote it -£>2(fc-i)x(d+fc-i)- Let £j, rji, i — 1, • • • , k — 1 be the 
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pairs of vectors obtained from £?2(fc-i)x(<M-fc-i) by extending each row one more position 
from behind and filling it with zero. These vectors appear in the first (k — 1) blocks in 
A( r+ i)kx{d+k)- There exists a vector in the k-th block of A( r+1 ) fcx ( d+fc ), say £&, which is 
linearly independent of any set of linearly independent vectors appearing in the first (fc— 1) 
blocks. In particular, Ek is linearly independent of £i,r)i(i — 1, • • • , k — 1). Pick a vector 
£ other than £& in the k-th block. Then £, together with £^ and £i,rji(i = 1, • • • , fc — 1), 
forms a matrix with the form B 2 kx(d+k)- By our assumption, its rank is less than 2fc. So 
£ is a linear combination of and £j, r/j, i = 1, • • • , k — 1. 

Let F be the vector space spanned by £ fe and e^r\i{i = 1, • • • , /c — 1). We need to show 
that V contains any row in A( r+1 ) fcx ( d+fc ). 

Since £ is an arbitrary vector in the k-th block and we have showed that it is a linear 
combination of and £j, rji(i — 1, • • • , k — 1), it follows that contains the k-th block. 

We need the following claim before we can move on. 

Claim 2.5. If the rank of a submatrix M of ^4( r +i)fex(ci+fe) consisting of the k-th block and 
another s blocks from the first (k — 1) ones is 2s + 1, then V contains all these s + 1 
blocks. Moreover, V contains all the k blocks in A( r+1 ) fcx ( d+fc ). 

Proof. The pairs of e^T\i in the s blocks and Ek in the k-th block in A( r+1 ) fcx ( d+fe ) form a 
submatrix of M and it has the same rank as M, thus any row in M is a linear combination 
of those £j, r\i (i — 1, • • • , k — 1) and £ fe . Since £j, 77, (i = 1, • • • , k — 1) and £ fc are vectors 
in V, it follows that V contains all these s + 1 blocks. 

If s — k — 1, then V contains all the s + 1 = k blocks in A( r+ i)fe X (d+fe), we are done. 

Suppose s < k — 1, we will show that we can produce s' blocks (V > s) among the 
first (k — 1) ones such that the rank of the matrix consisting of these s' blocks and the 
k-th block is 2s' + 1. The same argument as the first paragraph gives that V contains all 
these s' + 1 blocks. If s' < k — 1, replace s' by s and repeat the above process. After finite 
many steps we will end at s' — k — 1, which exactly means that the rank of A( r+ i)kx(d+k) 
is 2(k — 1) + 1 = 2k — 1 and V contains all the k blocks in A( r+1 ) fcx ( d+fc ). 

Assume V contains the ij-th (j = 1, • • • ,s) blocks and the k-th block. Let V\ be 
the space spanned by the rows in the ij-th blocks (j = 1, • • • , s). By our assumption, 
dimV 7 ! = 2s. In fact V\ is generated by £j .,7/3 .(j = 1, • • • , s). We have the following four 
possible cases: 

(1) If z'i < • • • < i s are consective natural numbers and i s < k — 1, then we can 
shift the ij-th block left by one unit for all j — 1, • • • , s , where "shift left by one unit" 
means that the piece of Sjo> s n, ' • • i s m2 — 0, • • • , r) in each row in the ij-th block is 
shifted left by one unit. Let V 2 be the space spanned by the row vectors in the (ij + l)-th 
blocks, j — 1, • • • ,s. Then dimV2 = dim V\ = 2s. There are (s — 1) blocks contained 
in both V\ and V 2 , each with a pair of e^rfi, so dim(Vi fl V 2 ) > 2(s — 1). Therefore 
dim(Vi + V 2 ) = dim V x + dim V 2 - dim(^i n V 2 ) < 2s + 2s - 2(s - 1) = 2(s + 1). However, 
V\ + V 2 contains s + 1 blocks among the first (k — 1) ones in Ar r+ ukx(d+k), which is at least 
of rank 2(s+l), so dim^ + V^ = 2(s + l). The vectors £^,77^, j = 1, • • • , s and e is+1 ,r] is+1 
in V\ + V 2 are linearly independent, so it spans V\ + V 2 . Since e^, iji^j = 1, • • • ,s and 
£i s +i, r/ is+ i are vectors in V, we conclude that Vi + V 2 is a subspace of V. So the rank of 
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the submatrix consisting of these s + 1 blocks and the k-th block is 2(s + 1) + 1, and V 
contains all these s + 2 blocks. 

(2) If ?!<••• < i s are consective natural numbers and i s — k — 1, then we can shift 
the Zj-th block right by one unit for j — 1, • • • , s and repeat the above process to get 
that the rank of the submatrix consisting of s + 1 blocks among the first (k — 1) ones in 
A( r +i)kx(d+k) and the k-th block is 2(s + 1) + 1, and V contains all these s + 2 blocks. 

(3) If %\ < • ■ • < i 3 are not consective natural numbers and i s < k — 1, then we 
can shift the ij-th block left by one unit for j = 1, • • • , s. Define Vi and V 2 as before. 
Suppose Vi and V 2 share t blocks. Then that ij (j — 1, • • • , s) are not consective natural 
numbers implies t < s — 1. Repeating the same process as in case (1), we can show that 
dim(Vi + V 2 ) =2(s + s-t) = 2s + 2(s - t) > 2(s + 1) and Vi + V 2 is a subspace of V. 
Moreover, the rank of the submatrix consisting of the k-th block and the (2s — t) blocks 
from the first (k — 1) ones in A( r+1 ) kx ( d+k ) is 2(2s — t) + 1 > 2(s + 1) + 1, and V contains 
all these 2s — t + 1 > s + 2 blocks. 

(4) If i\ < • • • < i s are not consective natural numbers and i s — k — 1, we still shift the 
ij-th block left by one unit for j = 1, • • • , s. Define V\ and V 2 as before. Suppose V\ and V 2 
share t bolcks. Since ij, j — 1, • • • , s are not consective natural numbers and the i s + l = k- 
th block is not in Vi, we have t < s — 2. Let Ls ij: Lrji^j = 1, • • • , s) be the vectors in V 2 
obtained by shifting e^, r} i:j (j = 1, • • • , s) left by one unit. Then Le ip Lr} i:j (j = 1, • • • , s) 
are linearly independent. The vectors Lei s , Lr]i s are in the k-th block. We know that any 
vector in the k-th block can be expressed as linear combination of £j . , 77, . ( j = 1, • • • , s) 

s s s s 

and e fc . Assume Le is = ae k + Y^h £ ij + E m i^ and = + + J2 m jVi r If 

one of a and 6 is zero, then Lej s or L?7i s is in Vi.. Since Le,i s and L?7i s are also in V 2 , it 
follows that at least one of Le is and Lr] ig is in Vi n V 2 . Now the 2t pairs of Lej ., L?7j. in 
the t common bolcks appear in Vi n V 2 , together with one of Le ia and Lr] ig , imply that 
dim(Vi fl V 2 ) >2t+l. If neither of a and b is zero, then bLe is — aLr) is ^ is in Vi fl V 2 . 
bLe is — aLr] is , together with the 2t pairs of Le^, Lrj ij in the t common bolcks in Vi fl V 2 , 
also gives that dim(Vi n V 2 ) > 2t + 1. So dim(Vi + V 2 ) = dim Vi + dim V 2 - dim(Vi n V 2 ) < 
2s + 2s-(2t+l) = 2s + 2(s-l-t) + l. But Vi + V 2 contains s + s-t- 1 blocks from the first 
(k—1) ones and the A;-th block. The vectors consisting of the pairs of , 77^. and e k generate 
a subspace W of Vi + V 2 of dimension 2(2s — l — t) + l = dim(Vi + V 2 ). Hence W = Vi + V 2 . 
Since all the pairs of £^,77^. and are vectors in "V, V contains Vi + V 2 . Therefore the 
rank of the submatrix consisting of these s + s — t — l = s + (s — 1 — t) blocks from the 
first (k — 1) ones in ^4( r +i)fcx(d+fc) and the k-th block is 2[s + (s — 1 — t)] + 1 > 2(s + 1) + 1 
and V contains all these s + (s — 1— t) + l>s + 2 blocks. 

□ 

By Claim 2.5 we only need to show that there exists a submatrix M consisting of 
the k-th block and another s blocks from the first (k — 1) ones in A( r+1 ) fcx ( rf+fc ) such that 
rankM = 2s + 1. 

Let us assign each block in ^4( r -+i)fcx (d+fc) a level number. 

The level consists of only one block, the k-th one. We have known that V contains 
the k-th block. 
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A block among the first (k — 1) blocks in ^4( r +i)fc X (<2+fc)> say the p-th one, is in the level 

k-l k-l 

1 if there exists a row vector £ in the k-th block such that £ = ^ ca£i + Yl ^iVi + a£ k 

i=i i=i 

and at least one of a p and 6 P is non-zero. WLOG, say a p ^ 0. Then e p is a linear 
combination of e u rj 1 , ■ ■ ■ , £ p _i, 7/ p _i, t/ p , e p+1 , r] p+1 , ■■■ , e k -i, r]k-i, £k, C For any vector ( 
in the p-th block, £i, 7/i, • • • , £ p _i, 7/ p _i, C, ?? P , £ P +i, ?7 P +i, • • • , £jfc-i, Vk-i, £k, £ form a matrix 
with the form B2 k x(d+k)- By our assumption, any such a matrix has rank less than 2k. 
So C is a linear combination of £i, r/i, • • • , £ p _i, 7/ p _i, ?7 P , £ p+ i, 7/ p+ i, • • • , e k -i, i]k-i, £k, £■ All 
the vectors e 1} 7/1, • • • , £ p _i, 7/ p _i, r? p , £ p+ i, ?7 P+ i, • • • , £ fe _i, e*, £ are in V, so is £. Since 
( is arbitrarily picked in the p-th block, it follows that V contains the p-th block. 

Suppose the number of all blocks in the level 1 is s±, then si > 1. Since V contains all 
the blocks in the levels and 1, we are done if s± — k — 1. Otherwise si < k — 1. From 
the choice of the level 1, it is easy to see that the vectors £^ , rj^ , • • • , £j , ?7 isi , £& span the 
/c-th block, where = 1, • • • , si) are the indices of the si blocks in the level 1. If these 
vectors also span the s\ blocks, we get a submatrix satisfying the assumption in Claim 
2.5, hence we are done by Claim 2.5. Otherwise there exists at least one row £ in a block 
in the level 1 , say the p-th one, such that the coefficients of e q or r] q is non-zero for some 
q if we express £ as a linear combination of £1, 771, • • • , £ k -i, Vk-i, £k, where 1 < q < k — 1 
and the g-th block is not in the levels and 1. We will show that V contains this g-th 
block. 

To show that V contains the q-th block, we apply the same trick as we did before in 
proving that V contains the p-th block in the level 1. 

Since the p-th block is in the level 1, there exists £ in the k-ih block such that £ = 

fc-l k-l 

^aj£j + Yl^iVi + a£ k and at least one of a p and b p is non-zero. WLOG, we assume 
i=i i=i 

a p 7^ 0. From the choice of the level 1, we see that £ is in fact a linear combination of 
the pairs of £^,77^, • • • ,£i ,r)i and £ k , where ij (j — 1, • • • , si) are the indices of the 
blocks in the level 1. Suppose i x = p for some 1 < x < si. It is easy to see that the 
vectors {e h , e itl , -q in , e k } are linearly equivalent to {e h ,rj h ,--- , e ix _^ , j] ix _^ , r] ix = 

V P ,£i x+ n'rii x+ n--- ,£k,0- Obviously, the vectors {^i, • • - , £ P -i, r/ p _i, ?7 P , £ p+ i, ?7 P+ i, • • • , 
£k-i, Vk-i, £k, £} are linearly equivalent to {£1, 771, • • • , • • • , £ fc _i, rj^, e k ,}, so they form 
a new basis of V. The equivalence between the vectors {e^ , 7/^ , • • • , , r/j s , £jt} and 
• • • ,£i x ^,Vi x -i ,Vi* = V P ,£i x +i,Vi x +i, •■ • ,£k,0 implies that the coefficients of e q 
or r] q is also non-zero when we expand £ under this new basis. WLOG, assume the coeffi- 
cients of e q is not zero. Then clearly {£1, r/i, • • • , £ p _i, ry p _i, C, ?7 P , £ P +i, ?7 P +i, • • • , Vg-i, 
r) q , £ q +i, r) q +i, ■ ■ ■ , £fe-i, ?7fe-i,£ifc,£} form a basis of V. Any vector in the q-th block, to- 
gether with this basis, forms a matrix with the form B 2kx (d+k)- By our assumption, the 
rank of such a matrix is less than 2k. So any vector in the q-th. block is a linear combination 

Of {£l, rji, ■ ■ ■ , £ p _i, T)p-i, C, r) p , £ p+ i, T}p+i, • ■ ■ , £q_i, ?7 g _i, ?7 g , £ ?+ i, 77 g+ i, • • • , £fc_i, 7/fc_i, £fe, 

£}. Therefore V contains the q-th block. 

Let the level 2 consisting of all the possible g-th block like the above one. Denote s 2 
the total number of the blocks in the level 2. Then V contains all the blocks in the levels 
0, 1 and 2. If one of the following two cases happens, we are done. 
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(a) All the blocks in ^4( r +i)fex(d+fc) have already appeared in the levels 0, 1 or 2, then 
Y&nkA (r+1)kx(d+k) = dim V = 2k - 1. 

or 

(b) The vectors e h ,ri h ,--- , e iai , rj isi , e isi+1 , th, 1+1 , • • • ,£i sl+s? ,Vi sl+S2 and e k span the 
level 2, where = 1, • • • , si are the indices of the blocks in the level 1 and ij,j = 
Si + 1, • • • , si + S2 are the indices of the blocks in the level 2 . 

If the case (b) happens, then the blocks in the levels 0, 1 and 2 form a submatrix of rank 
2(si + s 2 ) + l. By Claim 2.5, V contains all the blocks in A^ r+1 ^ kx ^ d+k ^, so rank A^. +1 ^ kx ^ d+k - ) 
= dimV = 2jfc-l. 

If neither case above happens, then we can proceed to pick up blocks in the level 3. 
Since there are only k blocks in total in Af r+ u kX M +k ^, after finitely many steps, 
say r, we must either end at the case that V contains all the blocks in the levels 

0, • • • , r and these levels have already included all the blocks in A( r+ i) k x(d+k), or the 
vectors , 77^ , • • • , £j 3i , r]i si , £j si+1 , Vi si +i 1 ' ' ' > £ « S1 + S2 1 Vi ai +s 2 > ' ' ' > +« r > ^j^+.-.+s,. an d ^fc 
span the level r, where = si + • • • + s p _i + 1, • • • , si + • • • + s p _i + s p ) are the in- 
dices of the blocks in the level p, (p = 1, • • • , r). In either case we have that the rank of 
A( r+1 )kx(d+k) = dim V = 2k - 1 < 2/c. 

Sharp eyes may have detected that there is a missing point in the above argument, 
that is, we did not show that V contains all the blocks in the level 1(1 < I < r). This can 
be done by induction on I. 

The following property (Pi) is crucial and it is true for any level 1(1 < I < r). 

(Pi): For any block, say g-th, in the level I, there exists a set of linearly independent 
vectors {e k , rj k , e^, 77^, , e ia ^ , 77^ , £j Si+1 j Vi si+1 i > £ i Sl+S2 > r li si +s 2 > ' ' ' > £ i 31+ ... +3i _ 1+ i> 
77' .•••,£'■ , 77' }\{£^l, which is linearly equivalent to the set of vectors 

'fcsjH hs/_i+l fc siH hs; ,fc aiH M/ J x L y J 

{£«! ; ?7il ) ' ' ' j £l 31 ; ?7i Sl ) ^1 S1 + 1 J Vi si +1 J ' ' ' J ^* S1 +S2 ' ^7'si+ s 2 ' ' ' ' ' ^*siH hs;_l + l ' ^fosiH hs;_! + l ' ' ' ' ' 

ei. 1 +...+. l> ffc. 1+ ... +SI ,ek}, where = Sl + • • • + s p _x + 1, • • • , s 1 + ■ ■ ■ + s p _! + s p ) are the 
indices of the blocks in the level p (p = 1, • • • ,1) and e' k , r]' k are vectors in the &;-th block 
(the level 0). 

(Pi) has been shown true in the above. 

Suppose (P1-1) is true. 

For any block, say g-th, in the level I, there exists at least one row £ in a block in the 
level l — l, say the p-th one, such that at least one of the coefficients of Eg and 77^ is non-zero 
when we express £ as a linear combination of {ei, 771, • • • , £k-i, £fc} and no row in the 
levels less than l — l has this property. Since (P1-1) is true, that is, there exists a set of lin- 
early independent vectors {e' k) rj k , e' n e' lsi , 77^ , , 77^ +1 , • • • , e 1 ^^ , 77^^ , • • • , 
s' iai++a i ,r]'i sl+ ... +a which is linearly equivalent to the set of vectors {£^,77^, •• • , 

£ i ai 1 Vis! 1 -> Vis-t+i > ' ' ' > £ « si +s 2 5 r lis 1 +s 2 1 ' ' ' ) £ i Sl +...+ S; _ 1 5 7 7i 31+ ... +3i _ 1 1 where ij(j = Si + 
• • • + s p _! + 1, • • • , si + • • • + s p _i + s p ) are the indices of the blocks in the level p (p — 

1, • • • ,1 — 1) and £' fc ,77^, are vectors in the k-th block. The linear equivalence between 
these two sets of vectors implies that £ still has at least one non-zero coefficient in front 
of Eq or r]g when we express it as a linear combination of {£ k , T] k , £^, 77^, • • • ;£^ 3 j 77^ , 

£ i si +i ' T lis 1 +i ' ' ' ' ' e i si +s 2 ' T lis 1 +s 2 ' ' ' ' ' ' ' ' £ is l +-~+s l 1 r Jis 1 +—+s l } 
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\{4I- WLOG, assume the coefficient of Eq is non-zero. Then {e' k , r)' k , 4, 77^, • • • , , 77^ , 

) ^isi+i ' ' ' ' ' £ i 31 +s 2 ' r lis 1 +s 2 ' ' ' ' ' ' r tis 1 +-+a l _ 1 +i ' ' ' ' ' + 5 7 7i sl+ ... +S ; ) C} \ 

{e'p, 4} is a set of linearly independent vectors, which is with the form required in (Pi) 
and linearly equivalent to the set of vectors {e h , e isi , rj iai , e isi+1 , r? isi+1 , • • • , e isi+s2 , 

Vi sl+ s 2 r-- ,e isi+ ... +Si _ i+1 ,7]i sl+ ... +Sl _ 1+1 ,--- , e isi+ ... +si ,r] isi+ ... +si ,e k }. Hence (P,) is true. 
It is easy to see that {4, r/£, < 4, , < , 4 1+1 , < 1+1 , • • • , 4 1+S2 > < 1+ . a 

> e*. 1+ ... + . J _ J+ i , *Zi. 1+ ...+.,_ 1+ i , • • • , £i. 1+ ... + . J , ^ sl+ ... +S; , C} \ {4' 4)' to g ether with a11 the other 
£i,r]i not in the levels 0, 1, • • • , and I, form a basis of V. Any row in the g-th block, 
together with this basis, form a matrix with the form B 2 kx(d+k)- So this row is a linear 
combination of the above basis, hence it is in V. Since we pick the row arbitrarily from 
any g-th block in the level /, it follows that V contains the level I. This completes the 
proof of the subcase II. Hence the "if part in the lemma 2.4 is true. As we said before, 
the "only if part is trivial, so lemma 2.4 follows. 

□ 



3 Iterated Blow-ups 

In this section we will prove the theorem 1.1. 

We follow J. Harris [2] on the definition of blow-up. 

Definition 3.1. Let X C P m be any projective variety and Y C X a subvariety. Take a 
collection F , ■ ■ ■ , F n of homogeneous polynomials in I(X) of the same degree generating 
an ideal with saturation I(Y) (this does not have to be a minimal set). Consider the 
rational map 

(p : X — > P n 

given by 

<p(x) = [F or .-,F n ] 

Clearly, ip is regular on the complement X \ Y, and in general won't be on Y; thus the 
graph T v (closure of the graph of the rational map tp) will map isomorphically to X 
away from Y, but not in general over Y. The graph 1^,, together with the projection 
7r : T v — ► X, is called the blow-up of X along Y and sometimes denoted as BlyX or 
simply X. The inverse image E = 7r~ 1 (y) C X is called the exceptional divisor. 

Note that this definition of blow-up is a generalization of the usual one in Theorem 
1.1, which requires both X and Y are smooth. In the case of X and Y both smooth, the 
above definition coincides with the usual one. 

Since we start the iterated blow-ups from a smooth variety p( d+1 )( r + 1 )- 1 ) to carry out 
the iterated process, we only need to show that the center we blow up along at each step 
is smooth. The advantage of using this equivalent definition is that we can construct 
blow-ups explicitly, while the disadvantage is that it brings us heavy notations. 

We will prove our theorem by induction on d. 

d=l. 
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There is only one stratum Ri, which is smooth and of dimension 1 + r. Blow up 
p2(r+i)-i along Ri prod 

uces a smooth variety. Its boundary consists of only one divisor, 
the exceptional one, which is of course normal crossing. Hence Theorem 1.1 is trivially 
true for d — 1. 

Suppose that Theorem 1.1 is true for all the spaces of holomorphic maps from P 1 into 
P r of degree less than d. We need to prove that it is also true for the space of holomorphic 
maps from P 1 into P r of degree d. 

For the space of holomorphic maps from P 1 into P r of degree d, its boundary M d (P r ) \ 
MJ(P r ) in p^+iX^+iM has a natural stratification R x C R 2 ■ ■ ■ C R k . Ri is smooth, so 
we can blow up p( d+1 )( r + 1 )^ 1 along Ri to get T V1 , where ip-y is a rational map associated 
with the ideal I{R\). However, R 2 is singular along Ri, in order to carry out the second 
blow-up in the usual sense, we need to show that the proper transformation R 2 of R 2 in 
r vi is smooth. Similarly, assume that we have carried out the first k blow-ups. If k — d, 
we are done. If k < d, to proceed to the next blow-up, we have to show that the proper 
transformation Rk+i of Rk+i in Y Vk is smooth. 

The idea to show that Rk+i is smooth is very simple. We first construct a birational 
morphism : p(*+i)(r+i)-i x P d ~ fc — ► R k+1 c p(<*+i)(H-i)-i . The space p(*+i)(r+i)-i 

can be viewed as M k (F r ). Since k < d, by our inductive assumption, we can carry out 
the iterated blow-ups to get a compactification of M£(P r ). Denote the final outcome V , 
which is a smooth variety. We show that there is an isomorphism between F'^ x F d ~ h 

and Rk+i- Therefore Rk+i is smooth. 

Remark 3.2. The reader may feel our induction a little weird. It seeing that we use little 
information on the first k blow-ups in the proof of the smoothness of R k +i- However, we 
do need to assume that we can carry them out to get a smooth variety F Vk before we can 
move ahead. 

Now let us show that the proper transformation R 2 of R 2 in T Vl is smooth. 
Consider the birational morphism $ 2 : P 2 ^ 1 )- 1 x P^ 1 — ► R 2 c p( d + 1 )( r + 1 )- 1 ) where 

$20oo : A*oi : Via '■ Mn : • • • : Mro : A*ri]; [v : • • • : Vd-i]) = [/"oo^o : Moo^i + Moi^o : • • • : 

ji r \Vd-i\- Since p 2 ( r + 1 )^ 1 parametrizes the space of (r + l)-tuples polynomials of degree 1 
modulo homothety, we can blow it up along its unique stratum. Denote the associated 
rational map (p[ and the resulting variety F^ . Then we claim that there exists a morphism 
F from r^/ x P d_1 into R 2 C p( d + 1 )( r+1 )- 1 j which is an isomorphism. So R 2 is smooth. 

By lemma 2.4 the unique stratum R[ in p 2 ( r + 1 )- 1 i s generated by all 2 x 2 determinants 
\ff |, where < i < j < r. Hence the rational map <p[ : P 2 ( r + 1 )- 1 — > p^ 1 )- 1 [ s 
defined as ^i([^oo : JM>i ■ • • • : Mro : /Vi]) = [| mo £n I : • • • : I %" r o'° ^i' 1 II- Denote ^ as the 
coordinates in p( 2 

By lemma 2.4, i?i is generated by all 2 x 2 determinants |f]™s}™|. Blowing up 
p(d+i)(r+i)-i a } on g we get F Vl , where <p\ is the rational map ipi : p( d+1 )( r + 1 )- 1 ---> 

p( r r)'( d r)-i given by ^([s o : ■ ■ ■ : s od : ■ ■ ■ : s r0 : ■ ■ ■ : s rd }) = [\% ™ | : • • • : 1 J£ 2£ I : 

' ' ' : I ^r.d-i 1 S sr,d' d I]- Denote ?% m „ as the coordinates in PV trrt 1 ) -1 , where < i < j < 
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r, < m < n < d. 

Define a morphism F : Y^i x P d_1 — > T Vl as F([/i 00 : /i i : ••• : /Lt r0 : // r i]; [r i 
-i,r]; [^o : • • • : ^d-i\) = [^0,0^0 : ^0,0^1 + ^0,1^0 : • • • : A*o,o^d-i + ^0,1^-2 ■ ^o,i^d-i 



T- 



• • • : ^0^0 : ^r,o^i + ^,1^0 : • • • : ^ r ,o^d-i + /V,i^d-2 : A^i^d-iJ; [^o r oi : • • • : ^o^d-iToi 
(z/ m ^„_i - i/ m _ii/„) rjj : • • • : voVd-iT r -i, r : ^d-iT r -i, r : • • • : v\_ x t t - X ^\. It is easy to see 
that the diagram 

x p^- 1 — — f 2 c r vi 

7T^ 7Ti 
p2(r+l)-l x pd-1 _^2_ p(d+l)( r +l)-l 

is commutative. 

The image of F included in R 2 can be obtained as follows. Let E[ be the exceptional 
divisor of the blow up ir[ : — > p^+ij-i. From F(r^ \F( x P*" 1 ) = n^\R 2 \ Ri), we 

have that F(r^ \ £?J x F*" 1 ) c n^ 1 (R 2 \R 1 ) = R 2 , that is, \ E[ x P**" 1 c F" 1 ^). 
Since F is continuous, F~\R 2 ) is closed. Thus 1%; x P 4 *" 1 = 1^/ \ F( x P^- 1 c F-\R 2 ), 
i.e., F(r^ x P^ 1 ) c F 2 . 

Let us show that F is injective. 

Suppose two points P = (\ji 00 : /i 01 : ■ ■ ■ : /i r0 : ii rl \] [r 01 : ■ ■ ■ : r r _i, r ]; [i/ : • • • : ^d-i]) 
and P = ([fioo ■ fioi ■ ■ ■ ■ ■ firo ■ firi}] [foi f r - hr }; [P : • • • : Pd-i]) have the same image 

under F, we need to show that P = P. 

From the definition of F, F(P) = F(F) implies that [vqTqi : ■ ■ ■ : VQVd-iTm 

[y m V n -\ — V m -\ v n) : ■ ■ ■ : VQU < i-l T r-l,r '■ v \ v d-\ T r-\,r ^d-l^V- l,r] = [^0^01 : ' ' * : 

PoPd-i% : • • • : {p m v n _x — P m _iP n ) fij : ■ ■ ■ : i> Vd-iT r -i,r '■ PiPd-i7V-i,r : • • • : ^_ 1 r r _ 1>r ]. 
Let Tjojo be the last non-zero element in the lexicographical order among the coordinates 

of P in p( 2 ) _1 and v q be the last non-zero element in the natural order vq, • • ■ , v^-x in 
the coordinates of P in P d_1 . Then pick m = q,n = q + 1, we have {y m v n -\ — v m -\ v n)Tii = 
v< q T i°j° 7^ 0- So the corresponding coordinate (P,jP( 9+ i)_i — P 9 _iP 9+ i)fjo j0 = P^f^o in F(F) 
is also non-zero, which implies that the last non-zero element in the lexicographical order 
among the coordinates of F in Pv 2 ) _1 is f^o or an element behind it and the last non- 
zero element in the natural order P , • • • , Ud-i in the coordinates of P in P d_1 is v q or an 
element behind it. But P and F take symmetric roles above, so 7>.,o is exactly the last 

non-zero element in the lexicographical order among the coordinates of P in p( 2 ) _1 and 
v q is the last non-zero element in the natural order P , • • • , P^-i i n the coordinates of P 
in P d_1 . WLOG, take v q = u q = r^^ = f i0 jo = 1. From [z^roi : ••• : t / o^d-i' r oi : ••• : 

{ymMn-l — Vm-l^n) r ij '■ ' ' ' '■ v Q v d-\Tr-\,r '■ ^l^d-lTr-l,r ^d-l T r-1-,r] = [^0^01 : ' ' ' : 

: • • • : (PmPn-l-Pm-lPn) ^ij \ ■ ■ ■ \ 9 Vd-lT r -l,r '■ PlPd-l^r- l,r : ' ' ' : ^d-iTr-l,r] , we 

have that {y m v n - X - v m -iv n )Tij = {pwMn-\ - Pm-iPn)% for < i < j < r, < m < n < d, 
where v_i = v_\ = u d = u d = 0. Take i = = j° in the above equality, we have 
VmMn-x — v m _iv n = VmPn-i — ^m-i^n for < Tfi < u < d. And take ui — q, n — q + 1, we 
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have Tij = fij for < i < j < r. 

We claim that v m v n _i — v m -iv n (0 < m < n < d) generate all the monomials of degree 
2 in variables u , • • • , v d -\- 

Take m — 0,n — 1, we have vqV\-\ — ^o-i^i = ^o- Similarly, take m = 0,n = j(l < 
j < d), we have fo^j-i — ^o-i^j = fo^'-i- So i/ m i/ B _i — i^-i^Vi (0 < m < n < d) generate 
all UQUi for i — 0, • • • , d — 1. 

Suppose ^m^ri-i — v m -\v n (0 < m < n < d) have generated all the monomials in front 
of UiUj in the lexicographical order for some < i < j < d. Then, take m — i,n — j + 1, 
we have that ViVj = [yiVj — z/j_!Z/ J+1 ) + zv i _ 1 zy ?+1 . By our assumption, is generated 

by VraV n -\~ v m.-\ v n (0 < TTl < 11 < d) , SO is V^j. Hence I'm^'n-l ~ ^m-l^n (0 < 171 < 11 < d) 

generate all the monomials of degree 2 in variables uq, ■ ■ ■ , v^-i- 

Because all the monomials of degree 2 in variables z/ , • ■ ■ , Vd-\ gi ve the 2-uple embed- 
ding of p d_1 into p( 2 two points in F d ~ x will have to coincide if they have the same 
image m under the 2-uple embedding. 

Now F(P) = F(P) implies that v m v n -i — ^m-i^n = v m v n -\ — v m -\i> n for < m < n < 
d. The previous equation, together with the fact that v m v n _\ — v m -iv n (0 < m < n < d) 
generate all the monomials of degree 2 in variables vq, • • • , ^d-i, gives that ViVj = ViVj for 
all < % < j < d — 1. Therefore ^ = Pj for i — 0, • • • , d — 1. 

By the definition of $ 2 , we see that [/j,q : A*oi : • • • : AVo : A*ri] = [poo : A*oi : • • • : p> r o '■ 
pL r i] follows from ir 1 (F(P)) = n 1 (F(P)) and [v : • • • : z/ rf _i] = [p : • • • : v d )\. Hence F is 
inject ive. 

Let us show that F is onto R 2 . 

Since F is an injective morphism, F(T^' x P d_1 ) is closed in r^. From F^T^ \ E[ x 
P^ 1 ) = 7i^\R 2 \ Ri), we see that tt^ 1 {R 2 \ C FfT^ x P^ 1 ). Hence R 2 , the closure 
of 7rj~ 1 (R 2 \ -Ri) in r<pi is a subset of -^(r^ x F d ~ r ). Therefore F is onto R 2 . 

Now F is a bijection between x p^" 1 and R 2 . In order to show that F is an 
isomorphism, it is enough to show that F is a closed immersion. 

By a local criterion on closed immersion (see, for example, Proposition 7.3, Chapter 
II in Hartshorne [3]), we need to verify that the coordinate functions in F separate points 
and tangent vectors. As showed above, the coordinate functions in F separate points. 
Now let us prove that they also separate tangent vectors. 

Since F is a homeomorphism onto R 2 , to show that the coordinate functions in F 
separate tangent vectors, it is enough to show that the morphsim of sheaves — >■ 

F*O r . x pd-i is surjective. We check this surjectivity on stalks. 

fi 

From the proof of injectivity, we see that F restricted to p( 2 )~ 1 x F d ~ l gives a 
morphism G : pO^ 1 )" 1 x F^ 1 — ► pO^MT)- 1 , that is, G([t 01 : ••• : r r _i )f .];[i/ : 

• • : Vd-l]) = [^o T 01 : ••• : ^O^-l^Ol : ••• : (v m Vn-l ~ ^m-l^n)nj ^d-\T r -l,r ■ 

viVd-\T r -\,r ■ ■ ■ ■ ■■ vj^Tr-^r]. Let G : pC 2 ')" 1 x F^)' 1 — > p(THT)- 1 be the stan- 
dard Serge embedding. Then G can be decomposed as GoH, where H : Pv 2 )~ 1 xP d_1 — > 
p( 2 ) _1 x p( 2 ) _1 is the morphism sending ([r i : ••• : T r _i ;r ];[f : ••• : Vd-i\) into 
([r i : ••• : r r _i )r .];[fo : ••• : {v m v n -i - v m -iVn) Vo^d-i]- Since G is still an 
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embedding when restricted to the image of H, so locally Ty(0 < i < j < r) and 
VmVn-x — z/ m-i' / n(0 < m < n < d) are regular functions in term of the coordinates 

Since v m v n -\ — v m -\v n , < m < n < d generate all the monomials 
of degree 2 in variables z/ , • • • , Vd-u h follows that any ViVj (0 < i < j < d— 1) is locally a 
regular functions in terms of the coordinates Uij >rnn in p( 2 )'( 2 All the monomials of 

degree 2 in variables u , ■ ■ ■ , v d -i define a 2-uple embedding of P d_1 into p( 2 which 
implies that z/j (i = 0, • • • , d — 1) are locally regular functions in terms of the coordinates 
u ij:mn in pCtrrt 1 ) -1 as well. 

Given any point Q in P 2 , let F~ 1 (Q) = P. We need to show that Q — > 
O r , xpd-^p is surjective. 

Let fj,i'ji, T s 't> and be the last non-zero elements in the lexicographical order among 
[/ioo : A*oi : • • • : A*rO : fJ>ri], b~oi T r _i jr ] and [u : • • ■ : 1^-1] in the coordinate of P, 

respectively. Then /ijy = r s / t / = z/^ = 1 gives an affine neighborhood U of P. From the 
definition of P, we see that Si' tq > + ji = 1 gives an affine neighborhood V of Q. Obviously P 
is also in the open set 1 — v q '-V q r + i 7^ 0. Shrinking the affine neighborhoods if necessary, 
we may assume that F(U) = V and 1 — zy-i'V+i 7^ 0- 

Now on U and V we have [ii§v q i + = s iq >, /iio^'+i + v n v q' — s i,q'+i- Since 

v q i = 1, it follows from the previous two equations that /i i0 = S ^'_^'~ 1 J' ; ' g,+1 and fin = 

Sl 'i-u, Vq '^ Siq ' ■ Hence fiio, fin (i = 0, ••• ,r) are locally regular functions in terms of 
Sij (0 < i < r, < j < d) and z/j (i = 0, • • • ,d — 1). We have proved that (2 = 

0, • • • , d — 1) are locally regular functions in terms of the coordinates Uij y7nn in 
So /iio, iin,i — 0, • • • , r are locally regular functions in terms of s^- (0 < 2 < r, < j < d) 
and Ui jjmn s. Clearly fi i0 , fi a (i = 0, • • • , r), 7^ (0 < z < j < r) and i/j (i = 0, • • • , d - 1) 
span O r ^ x pd-i p. From all the above, the surjectivity of Q — > O r ^, xp^-i^p follows. 
Therefore F is a closed immersion. 

That F is a bijection and closed immersion implies F : Y^i x P d_1 — > R 2 is an 

isomorphism (see, for example, J. Harris [2] Corollary 14.10), thus the smoothness of R2 
follows. 

Before we proceed, let us spend some time on setting up notations and explain why 
we need such ugly ones. 

Blowing up T Vl along R 2 , we need a set of generators of I{R<2). 
Recall that Vl ([s m : • • • : s od : • • • : s r0 : • • • : s rd }) = [\ s s ™ 8 8 °\\:---:\ i% s 8 % \ 
I ^s'X'i 1 Sr s~y \], whi ch sends points outside Pi in p(<*+i)(r+i)-i i nto pOTH^ 1 )- 1 . We use 
Uij t m n as the coordinates in Pv 2 )'( 2 where < i < j < r, < m < n < d. Over the 
general points in the image of ip 1 , [u 01fil : • • • : u ijimn : • • • : u r ^ r . d ^ d ] = [\ s s °° \ : • • • : 



1 s im s in 1 . 


. 1 Sr-l,d-l $r-l,d l 


| $jm $jn \ ' 


' \ $r,d— 1 $r,d \ . 



By Lemma 2.4, P2 is generated by all the 4x4 minor determinants of matrices with 
the form Expanding all such 4x4 determinants into 2x2 multiplying 2x2 deter- 



minants, we conclude that the closure <^i(P2 \ Pi) of c/?i(P2\Pi) in Pv 2 )'( 2 ) 1 j s gener- 
ated by - Uj 1) j 2 ;?Tti,m2^i3,«4;»Tt3 — l,m,4 — 1 ^i\,i2\m\,mz^'iz,iA\'rn2 — \,rnA — \ ^U,«2;mi,m4^i3,i4;m2— l,m3 — 1 ~l~ 
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iii\mi ,m4^«3,i4;mi — 1,7713 — 1 ^>i\ ,12^3 ,7714^13 ,14 ;mi — l,m2-l > where ^ 

i\ < i 2 < r and < i 3 < z 4 < r and < m 1 < m 2 < m 3 < m 4 < d + 1. The pull-back of 
ipi(R 2 \ into r vi by the projection r vi — > p( 2 )'( 2 ) _1 i s f? 2 . It is easy to see that 
i? 2 is cut out by the same polynomials in T^. 

The blow up of F Vl along R 2 is the graph r^ 2 of the rational map (p 2 : — > 

, where </? 2 maps general points in T Vl to [Moi;Oi u oi;i2 — w oi ; o2^oi ; o2+ 

^01;03^01;01 • ' ' ' ■ ^i\,i%m\,rn^iz,i^,'tnz — \,rnA—^. ^ji,i2;mi,m3^ , i3,M;?W2— l,m4 — 1 ~l~ ^ji,J2;mi,m4 
^?3,i4;m2 — 1,7713 — 1 ~l~ ^11,12 57712,7713 ^13,14^1 — l,m4 — 1 ^ii , «2 ;m2, 7714^13, 14 ;mi — 1,7713— 1 ~l~ ^ji,j2;77i3,77i4 
^J3,i4;mi — l,m2— 1 • ' ' ' ■ ^r— 1,7^— 2,d— 1 ^r— l,r;d— l,d M r _ l,r;<i— 2,dV j r— l,r;d— 2,d V>r—l,r;d—l,d 

(r+l\ 2 (d+2\_-, 

u r -i,r;d-3,rf]- We use Mii.ia.za^imi^.ms^ as the coordinates in Pv 2 / "v 4 j . From the 
construction of </?i and </?2, we see that the coordinate of general point in the image of 

</?2 is equal to [|iW l,01;0123| : : I^iij2,i3j4;mim2m3m 4 | : ""■ : |-^r-l,r,r-l,r;d-2,d-l,d,d+l|], 

where |Mj 1 j 2) j3j 4;mirrt2m3rrt4 | is the determinant of the 4x4 submatrix consisting of (ii + 1)- 
th,(z 2 + l)-th rows from the first block and (i 3 + l)-th,(z 4 + l)-th rows from the second 
block and (rrij + l)-th columns (j = 1, • • • ,4) in A 2 ( r +i)x(d+2)- 

By Lemma 2.4, i? 3 is generated by 6 x 6 minor determinants of submatrices with the 
form i?6,d+3- These 6x6 determinants cannot be expanded as linear combinations of 
product of 4 x 4 determinants of form \Mi li2t i 3 i 4 - mim2m3m4 \, so the defining equations of 

(p 2 o 7T 1 " 1 (i? 3 \ R 2 ) in p( 2 ) '(4 )~ 1 are not so obvious now. However, we find that we can 
add a 2 x 2 determinant at the corner of the 6x6 determinant to form a 8 x 8 determinant 
and then expand this 8x8 determinant into linear combinations of product of two 4x4 
determinants of form \M ili2;i3i4 . mim2m3m4 \. Specifically we have the following 















mi 


•Sii,mg 








Si2,m\ 












s i 2 ,rni 


s i2,m6 








&iz, mi — 1 


s i3,rri6 — 1 










s i3,mi-l 


s i3,m6— 1 








■5*4, mi — 1 


s i4,rri6 — 1 












S J4,m6-l 








^15, mi— 2 


s is,m6— 2 










s i5,mi-2 


s i 5 ,me-2 


s iB,ni— 1 


5 «5,«2-l 


■5»6) m l — 2 


s i@,m e -2 










■5?6,mi— 2 


s i6,77i,6— 2 


Si6,ni — 1 


s ie,n 2 -l 








s ?3,ni 


^*3i"2 




■5j3,mi— 1 


s i3,m6— 1 


■5j3,ni 










■Si 4j ni 


s U,n2 




■5j4,mi— 1 


■Sj4,m6 — 1 


■5?4,ni 


^i4,n2 



(3.1) 



Obviously R3 is contained in the common zero locus of all the possible 8x8 determinant 
with the above form. The inverse is also true, because if all the 2x2 determinants at 
the corner vanish, then the point is in Ri, so is in R 3 ; otherwise, at least one of the 2x2 
determinants does not vanish, which implies that all the 6x6 determinats vanish, so the 
point is again in R 3 . 

Expanding the 8x8 determinant on the right hand side of the equation (3.1) into linear 
combinations of product of two 4x4 determinants and comparing with the definition of (p 2 , 

we have that ip 2 o n^ 1 (R 3 \ R 2 ) in P^ 1 ) i^)' 1 [ s generated by Ei< il <j2<6(" 1 ) 3l+J ^ 1 
u ili2 ,i 3 i 4 - mi ,... m^ 2 ,--- where x means omitting x. It is not hard 
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to see that R 3 in T V2 is the pull-back of if 2 o n 1 1 (i? 3 \ R 2 ) by the projection T v 



V>2 

-1 



( 2 ) '( 4 ) 1 a nd it is cut out in Y^ 2 by the same equations. 

\3 



Now the graph of rational map ip 3 : — > Pv 2 ) \ 6 )'\ 2 > gives the blow up of 
along R 3 , where ip 3 sends general points in to [• • • : Xa<j 1 <j 2 <6( -1 )' 7l+ '' 2 ~ 1 

. I TT7- ni,H2 

u hh,i3U;mi, ■■■ ,mj 1 ,mj 2 ,— ,m,6 U i3U,i 5 i6;ni,n2,m.j 1 -l,mj 2 -l : '''J- VVe USe Ui 1 i 2 i 3 i 4 i 5 i 6 - mi m2m 3 m 4 ,m 5 m fi 

(r+l\ 3 (d+3\ (d+l\_, 

to denote the coordinates in Pv 2 / 'V e J'V 2 ; ; where the up indices represent for the 
auxiliary determinant \M i3i4 . nin2 \. The general point in the image of <p 3 is [• • • : 
\Mi 1 i 2 i 3 i 4 i 5 i 6 - mim2Tn3m4m;>m6 \ • J Afj 3 j 4 j niri2 1 . •••], where \Mj fl i 2 ^ 3 i 4 j j5 i 6 - mim2rnsm4m5m6 \ is the de- 
terminant of the 6x6 submatrix consisting of (ii + l)-th,(i 2 + l)-th rows from the first 
block and (i 3 + l)-th, (i 4 + l)-th rows from the second block and (i 5 + l)-th, (i 6 + l)-th 

rows from the third block and (rrij + l)-th columns (j — 1, • • • ,6) in A 3 ( r+ i} x (d+3)- 

fc-i 

For any natural number k, we have the following identity 2 k+1 - 2{k + 1) = E 2 ^ 1 ' 

j'=i 

2(k — j). We will use this identity to construct the blow-up r </ , fc+1 — ► r^. Specifically for 
each 2{k + 1) x 2(fo + 1) minor determinant, we can add 2 3 ' -1 auxiliary 2(k - j) x 2(k - j) 
determinants to it to form a 2 fe+1 x 2 fc+1 determinant, where j runs over 1, • • • ,k — 
1. This process of adding auxiliary determinants can be done as follows. Suppose we 
have known how to add auxiliary determinants to 2k x 2k minor determinants. Let 
,»2,-,»2fc+ii2(fc+i);"»i,»"2,-,m2fc + i,m2(fc + i)| be a 2(fc + 1) x 2{k + 1) determinant, and we can 
first add a 2(k - 1) x 2(fc - 1) determinant IM^^,...^^^^^,...^^,^^^] to it at the 
corner as following 



'H, mi 



s i 2 fc-i,m.i-(fe-l) 
s ! 2 fc,mi-(fc-l) 
s i 2 fc+i,mi-fe 
S i2(fc+l):"ii-fc 










'U,m 2 (fe + i) 
S *2,m 2 ( fe+ i) 



s i 2fc _ 1 ,m 2(fc+1) -(fc-l) 
S i2k,m 2(k+1) -(k-l) 
s j 2fe+ l,m 2(fc+1 )-fc 
S »2(fc+l),"l2(fc+l)-fe 



















5 »3,«1 

5 i 4 ,ni 



S *2fc-i,ni-(fe-2) 
S »2fc>"l-(fc-2) 












3i 3,™2(fc-l) 
5 *4,«2(fc-l) 



5 *2fe-l,«2(fe-l)-(fc-2) 
S *2fc,«2(fc-l)-(fc-2) 
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s i 2 k-i,mi-(k-l) 
s i 2 k,m 1 -(k-l) 
s i-2k+i,mi-k 
S i2(k+l),mi~k 
$13, mi — 1 
Si 4l mi— 1 



Si 2 fc_i,mi-(fc-l) 
s i 2 fc,mi-(fc-l) 



5 »l,W»2(fc+l) 
S *2,"i.2(fe+1) 



S *2fc-l,m2(fc + l)-(^-l) 
S *2fc,»Tt2(fc + i)-(A:-l) 

S *2fc + l' m 2(fc+l)- fc 
S *2(fc + l):"l2(fe+l)-fc 
S *3,m2(fc+i)-l 
s i4,m 2(fc+1 )-l 










s *2fc+i,m-(fc-l) 

S *2(fc+l).«l-(fc-l) 
■Si3,ni 



s i 2 fc-i,m 2(fc+ i)-(fc-l) S »2k-i,f»i-(fc-2) 
S i2fc,Tt 2 (fc + i)-(A:-l) s «2fc,ni-(fc-2) 










S *2fc+l,"2(fc-l)-( fc - 1 ) 
S *2(fe+l).«2(fc-l)-(fc-l) 
Si 3,"2(fc-1) 
S *4,n 2 (fe_i) 



S i2fc-i,«2(fc-i)-( fe -2) 
S *2fc,n2(fc-i)-(fc-2) 



Expanding the above determinant from first 2k rows, we have that it is a linear com- 
bination of product of two 2k x 2k determinants with the desired form. By our as- 
sumption, we know how to add auxiliary determinants to such determinants. Thus, the 
above expansion exactly tells us how to add the lower rank auxiliary determinants to a 
2(k + 1) x 2(k + 1) determinant. So adding auxiliary determinants with the desired form 
to a 2(k + 1) x 2(k + 1) determinant can be done. The rational map ipk+i '■ ^<p k — ► 



P 



/V+l\fc+l /d+(fc+l)\ n (d+(k-j)\ 
\ 2 } \ 2(fc+l) J' 11 I 2(fe-j) J 



2^- 



sends general points in into [• 



E 

i<h<j2<2(fc+i) 



(_l)ji+ja-i u J * 



,i2fc;mi, 



*J1 >"*J2 ' 



>"^2(fc+i) »s,— ,»2(fc+i);m, 



■>n2(fc-i)i^i _1 > m J2 _1 



where 



and Jfc are indices representing the auxiliary determinants added to 2k x 2k determinants. 
The coordinate of the general point in the image of tpk+i is given by the product of 
l M wi2,-,i2 fc +ii2( fc+ i);™i,r«2,-,m2 fe +im2( fc +i)l and those auxiliary determinants added to it. We 

as the coordinates in 



»2(fc+i);"»i,- >»«2(fe+i) 



ni,— ,n 2 /k-i),Jk,Jk Jk+i 
licp 7/ v ' = 7/ 

u, Ji,-,j 2 (fc+i);"Ji,-,"i2(fc+i) H> - " 

/r + l\ fc + ! /d+(fc + l)\ fc nV d +(*-j) , \ 2J_1 _1 
„l 2 J l 2(fc + l) J 11 I 2(k-j) J 

P J = 1 

Now let us continue our proof that the iterated blow-up can be carried out. 

We have showed that i? 2 is smooth, so the second step in the iterated blow-ups can be 
done. Suppose that the iterated blow-ups can be carried out in the first k (k > 2) steps. 
If k — d, we are done. If k < d, let us show that we can proceed to the (k + l)-th step. 
Since Y ipk is smooth, in order to carry out the (k + l)-th blow up, we only need to show 
that the proper transformation Rk+i of Rk+i in T ipk is smooth. We use the same idea 
as we did before in showing the smoothness of i?2- We construct a birational morphism 
: p(*+i)(r+i)-i x F d - k — > R k+1 C p(<*+i)(r-+i)-i with $([^ 0) o : • • • : A*o,fc = Mi,o : • • • : 
A*i,fe : • • • : /i r ,o : • • • : /Jr.fc]; [i^o : • • • : ^d-fc]) = [/Jo.o^o : /A),o^i + ^0,1^0 : • • • : E A*o,p^g : 

p+<?=s 
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• • • : ^0,k-l V d-k +^Q,kV<l-k-l '■ V-Q,kVd~k /ir.O^O : ^rfl^l + /^r.l^O : ' ' - : ^r,p v q '■ 

~p+q=s 

••• ■ Hr,k-iVd-k + fJ> r ,kVd-k-i '■ Ho,kVd-k\- The space p( fc + 1 )( r + 1 )- 1 parametrizes (r + 1)- 

tuples (g , ■ ■ ■ ,g r ) modulo homothety and the morphism $ sends (g , • • • ,9r',f) to (g ■ 

k 

fi • " • ,9r'f), where gi(x, y) = J2/J-i, p x k ~ p y p (i = 0, • • • , r) are homogeneous polynomials 

p=0 

of degree k. In p( fe + 1 )( r + 1 )- 1 ) the set parametrizing (g , ■ ■ ■ ,g r ) with at least one common 
root has a natural stratification R[ C • • • C R' k . By our inductive assumption, the 
iterated blow-ups can be carried out on p( fc+1 )( r+1 ) -1 . Blow-up p( fc+1 )( H ~ 1 ) -1 along R[ gives 
ir[ : — ► p( fc +i)(H-i)-i_ Continue the iterated blow-ups until we get n k : Y^ — > . 
Since at each step we blow up a smooth variety along a smooth center, the final outcome 
is smooth. We will show that we can lift the morphism $k+i '■ p( fe+1 )( r+1 ) _1 x p d ~ fc — > 
Rk+i C p(«*+i)(»-+i)-i to a morphism F : x¥ d - k — > R k+1 C Y Vk such that the following 
diagram 

x ¥ d - k ^ R k+l c r^ fc 



7T 



p(fc+l)(r+l)-l x pd-fc p(d+l)(r+l)-l 

is commutative, where n' = ^[ott^o- ■ -o7r k and 7r = ttiO^o- ■ -o7r k , respectively. Moreover 
we will show that F gives an isomorphim between x f> d ~ k and Rk+i, therefore Rk+i 
is smooth. 

For any point P in x P d ~ fe C p( fe + 1 )( r + 1 )- 1 x p( r 2 1 )-( fc a 1 )- 1 x pO"^) "W^x 
II P J=1 2(S_1 " J) x P d " fc , let us define its image P(P) in T Vfe . 

Since Y Vk C p(^)(r+D-i x pCiW 1 )" 1 x p(T) 2 -( d t 2 )-i x ft 

s=3 

P J=1 J , we will give the component of F(P) in each projective 

space. 

For convenience, let = for i = 0, • • • , r, j = k + 1, • • • , d and v { = for % = 
d- k+1, ■ ■ ■ , d. Then the component of P(P) in p(<*+i)(r+i)-i i s [ £ ; £ ; 

p+(?=0 p+q=l 

■■■ ■ J2 ^pVq ■ ■■■ ■ ^r, P v q : Vr,pV q : ■ ■ ■ : Hr,pVq], which is exactly $fc+i 

p+q=d p+q=0 p+q=l p+q=d 

when we restrict F to p( fe + 1 )('+ 1 )- 1 x P d - fe . 

The component of P(P) in P' 2 / ' 2 j is given as follows. 



The component in Pv 2 )'( 2 ) 1 of the coordinate of a general point in Y ipi is [• 



*2. m l , ' I 2. m 2 



^ii«2,mim2 • ' ' ' ] [' ' ' • \-^-iii2,Tnim2 I • ' ' ' ] [' 
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E E iy qi h> q2 T iii2,piV2 

Pl+qi=mip2+q2=m2 



at the position u 



i\i2,m\'m 2 



as E E 

Pl+<?l="ilP2+<32=m 2 



•••], so we take the coordinate of F(P) 
v q\ v q2 T i\i2,v\V2i where Ti Y i 2j p iP2 are coordi- 



(r+l\ (k+l\_-, 

nates in Pv 2 /"v 2 J . We need to verify that at least one of E E v q\ v qi 

Pi+qi=mip2+q2=rri2 

T hi2,piP2 7^ 0) this can be done easily. For example, there exist i\ and 12 such that 
T hi2,piv2 7^ f° r some Pi < P2- Fix and i 2 and take lexicographical order among 
all letters p\Pi{$>i < P2), let T iii 2 ,p°p 2 be the last nonzero element. Let v q be the last 
nonzero element among z/ , • • • , Vd-k- Then let q + p\ = mi,q + p% = m 2 , we have 

E E Z/ <?l Z/ <?2 T n«2,PlP2 

Pi+qi=m 1 p2+q2=m 2 



~ V q T hi 2 ,p\p° 2 7^ 0. 

The component in Pv 2 / 'v 4 ) Q f the coordinate of a general point in r v , 2 is [• 



i 2 izi4\m\m 2 m-zm4 ■ 



\M„ 



«l«2*3«4;mim2"T-3ni4 I 



], where 



IM, 



«i*2«3«4;mi'Ti2m-3'"4 I 



Since [• 



: Si 



m 

[■■■■ XX 

9=0 



^ii, mi • < 'ii,m2 Si\,mz Si\,mn 

Si 2 ,mi ^i 2 ,m 2 ^I2,m3 ^"12, m4 

s i3,mi-l S 7 3 ,m2-1 S 7 3 ,m 3 -1 •Sj 3;TTl4 _i 

^i4,mi — 1 "5*4, m 2 — 1 "5*4, m3 — 1 Sj 4)J7l4 _i 

, -q^q ■ ']) then [• • • . \Mi 1 i 2 i 3 i 4 - tmim2m3m4 \ 



*ii,mi— gi ^gi 



mi 

E 

91=0 

mi 

E A*«2,m i - -i/j 
91=0 
mi — 1 

E A*i3,rrii— 1— gi^gi 
91=0 
mi— 1 

E Pi4,mi-l-9i^gi 
91=0 



,m 2 -92 ^92 



m 2 

E A*ii,* 
92=0 
m2 

E P«2,m2— 92^92 
92=0 
rr»2-l 

E P«3 ) m2-l-92 Z/ 92 
92=0 
rr»2-l 

E ^i4,m 2 -l-q 2 l/ q 2 
92=0 



m 3 

E ^1,7713-93 ^93 
93=0 
m3 

E ^i 2 ,mz— qz^qz 
93=0 
m 3 -l 

E A t *3>m3-l-93 t/ 93 
93=0 
m.3-1 

E A f i4,m 3 -l-9 3 t/ 9 3 
93=0 



^4-94^94 



,m,4-q4 l/ q 4 



ni4 

E^i 
94=0 

7774 

E A^2,' 

94=0 

E A t i3,m 4 -l-94 t/ 94 
94=0 
TTI4-I 

E A*J4,m4-l-94 i/ 94 

94=0 



mi m2 m3 7714 



9l=0g2=09 3 =094=0 



A*ii,mi— 91 
A*72,mi-9i 
A^3,mi-l-gi 



A*ii,m2— 92 
l^i 2 ,m 2 — 92 
A*i3,m 2 -l-92 



A*n,m3— 93 

A*l2,m3-93 

^3^3-1-93 



A i il,m4-94 
A*72,m 4 -94 
^13,7714-1-94 



fJ'i4,m 1 -l~q 1 ^i4,m 2 -l-q 2 A t i4,m 3 -l-9 3 / i 74,m 4 -l-g4 



In the above 



mi 7712 7713 7774 

] — ['■' : E E E E * / 9i Z/ 92 Z/ 93 Z/ 94 T 7i«27374;mi-gi,m2-g2,m 3 -g 3 ,m4-94 : 
gi=0g 2 =0g 3 =0g4=0 

computation we use the property that any determinant vanishes if it contains two repeated 
columns, and we also use T ili2i3i4;mi _, lim2 _^ im 3_g3 im4 _g 4 = if any two of - = 
1, 2, 3, 4 are equal. So we will take the coordinate of F(P) at the position Mj 1 j 2 i 3 j4 ;mim2 m 3 m4 

mi m,2 m 3 7774 

as E E E E v q\ v q2 v qz v q4 T hhhi4\rn 1 -q 1 ,rn 2 -q 2 ,m 3 -q 3 ,rn4-q4- Use the same method as in 

91 =0g2 =0g 3 =094=0 
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showing at least one of 5] E v q\ v q2 T i\i.2,vwi 0> we can prove that at least one 

Pi+qi=mip2+q2=m2 

m\ rri2 mz 1714 

°f E E E E ^<Ji ^92 ^93 ^<?4 7 "ni2«3«4;mi-gi,m2-g2,»Ti3— (?3,m4— <?4 7^ aS Well. 
qi =0(J2 =0<J3 =0<?4 =0 

( r 2 1 ) S '( fe 2 +S )' fc n 2 ( fe 2 +(Sr L 1_j) ) 23_1_1 

Now let us specify the component of F(P) in each P s j=1 s 1 for 

s == 3 ; * * * , /c. 

( r 2 1 ) S ' ( k 2 " ) ^ ( k 2 ( " "l 1 ~ J ) ^ _ 1 - 1 

Over the general point of the image ip s : r Vs _ 1 P 3=1 s J , 

the coordinate [• • • : ... j . m ... m2s : •••] = [• • • : Hl-^l : •••], where |M| runs over 

|M| 

|-^ii,-,i2 S ;mi,-,m 2s | an d those auxiliary determinants added to |-&fii,-,i 2s ;mi,-,m 2s | with 
indices in J s . Experienced reader may have seen that [• • • : : '"] = [' ' ' : 

|M| 

E (-) E (— ) n ^ . n^<;™;- 31 ,,^-, 2s :-]. where £^ = £•••£ and 

<?; 9j <?; <?i=0 <?2s =0 

^(2 -2s) re p resen ^ s 2 s — 2s sums over all < qj < rij, rij appearing in J s as the column 

index rij + 1 in A^ r+ i^ px ^+p) for the added auxiliary 2p x 2p (1 < p < s — 2) minor 
determinants. So HI ^9; ' II ^ i s a monomial in z/ 0) • • • , Vd-k of degree 2 s . 
We can order the indices in u'- a ,- .„ _„ as follows. 

Indices ii, • • • , «2s! m i, • • • j m 2s appear in the first position. The group of the column 
indices of the added 2(s — 2) x 2(s — 2) determinant appear in the second position. The two 
groups of the column indices of the two added 2(s— 3) x 2(s— 3) determinants should be put 
in the third position but we have to decide which group is put first, and this can be done 
by comparing their row indices. In general, the groups of the column indices of the 2- ? ~ 1 
added 2(s — 1— j) x 2(s — 1— j) determinants appear in the (j + l)-th position. The priority 
among the group of indices in the (j + l)-th position is given by their row indices appeared 
in each 2(s — 1 — j) x 2(s — 1 — j) determinant. Now we can arrange u^ 9 i2a . m m2a in 

( r 2 1 ) s '( d 2 fs )' < n 2 ( d 2 f(Sr i 1 ^ ) ) 2J_1_1 

P s j=1 s 3 in the lexicographical order. Essentially as we did before, 

we can show that at least one of v( 2s )v( 2 ~ 2s ) TT v . FT v ~ . t 4 '■" ,nj ~ q .S," „ „, „ for 

Z__/ Z__/ 11 yi 11 <Zj ,«2s.™l— <?1,-" ; m 2s— 92s ' 

some ii, ■ ■ ■ ,i 2s , mi, ■ ■ ■ , m 2s and J s . We leave this as an exercise to the interest readers. 
From above we see that F : Y^ x f d ~ k — >. Y Vk is a morphism. We will show that it 

is in fact an isomorphism from Y^ x f d ~ k onto Rk+i- 
First let us show that F is injective. 
Suppose that F{P) = F(P), we show that P = P. 

From the definition of F, we see that [• • • : J2^^ 2 _2fc ) rj Vq . . Y\ v ~. 

qi % 

?i>- . l_r . W2fc)W2 fc -2fc) i-r i-r -- ,nj-qj, 



-,nj- qj ,- • ...i — r. .. • ZK>S T ( K) Y\v ■ 1 [ '<■■'" 

'ii,--- ,i2fc;rai-<?i,--- ,m 2 k-q2k ' J L • 1 1 11 ij'h,— ,i2fc;"n-?i,— >»"2fc- 



<?2fc 



], where and r represent the coordinates appearing in P. By the construction of T 



the indices ^ - q u ■ ■ ■ ,m 2k - q 2k } of t;;'.'™^^,^... >m2fc _ 92fc and t-' '" "' 



U,- ,«2fc;mi-gi,- ,m 2k -q2k 
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(r+l\ k (k+k\ YrV+(fc-l-;m 23 1 i (r + l\ k k r-, 2 ( 2k-l-j \ 2J 1 , 

. \ 2 ) {2k ) 1H 2(fc-l-j) j 1 I 2 J lUafi-l-jjJ 1 , , , . , . 

m IP 3=1 = F J=1 nave only one choice, that is, 

{mi - gi, • • • , m 2fe - q 2k } = {0, • • • , 2k - 1}. We will show that [• • • : r^... ii2fc . 0) ... >2 fe-i : 

•••] = [•••: ^...,i 2fe; o,..,2fc-i : • • •] and [zv : • • • : I'd-*] = [i>o : • • • : v d -k\- 

For each fixed {mi, • • • , m 2k } with < mi < m 2 < • • • < m 2 fe < d + k — 1, we have 

Z^ Z^ 11 u qi LL ly qj'i 1 ,-,i 2k ;m 1 -q 1 ,-,m 2k -q 2k Z^ Z^ 1 1 u mi-li 

H % {h,- ,l 2k }={0,- ,2k-l} q, 

TT -W-q-j,- / ± rr x . / y-(2 fe -2fe) -pr - ,n,-^,- v 

11 u qj 'ii,-,i 2k ;h,-,l 2k V ^ ^ LL u mi-h) \2^i 1 1 % 'u,--- ,i 2fc ;0,--- ,2fc-lJ ' 

0i,-,/ 2 fc}={0>-,2fc-l} & 

where the sign ± depends on the permutation Zi • • • Z 2 & even or odd. 

Now let us show that the linear combinations of Y2 ± Y[ ^mi-u f° r 

{h,-,hk}={0,-,2k-l} 

< mi < m 2 < ■ ■ ■ < fn 2 k < d + k — 1 produce all the monomials of degree 2k in 
Take m,; = i — l,i = I, - ,2k, then E ± X\v mi ~i % = . Take 

{Ji,-,Z 2 fc}={°.-.2fc-l} _J 

mj = z— 1, « = 1, • • • , 2k— 1 and m 2 fc = 2k—l+j for 1 < j < d— £;, then E ± 

{h,- ,hk}={0,- ,2k-l} 

Y\ Vrm-ii — v ^ Xv y Take — i — 1, i — 1, • • • , 2/c — 2 and m 2k _\ = 2k — 1, m 2fe = 2/c, then 
E ± Y\. v m i ~i i = v^~ 2 v\ — ^o k l i y 2- Since f 2 is a linear combination 

0l,-,J 2 fc}={0,-,2fe-l} 

of E ± ]1 v mi -h, so is h>Q k ~ 2 vj. Take = i — 1, i = 1, • • • , 2k — 2 and 

{Jl,-,*2fc}={0>-,2fc-l} 

m 2fe _i = 2/c - l,m 2fe = 2k - 1 + j for 2 < j < d- k, then Y ^Yl^rm-u = 

0l,-,/ 2fc }={0,-,2fc-l} 

v^~ 2 v\Vj — v^~ x Vj+\. Since fQ fc_1 z/, + i is a linear combination of ± 

{il,-,i 2 fc}={0,-,2fc-l} 

n2fe-2 
v mi -k, so IS I/ V x Vj. 

In general we can arrange all the monomials Vq ■ ■ ■ ■ v d d Z k m the lexicographical order, 
where io + • • • + id~k = 2k. Suppose that all the monomials in front of ■ ■ ■ ■ v d d Z k are 
linear combination of Y ±F| v mi -i v Let the ordered tuple (mi, • • • , m 2 k) = 

0i,-,J2fc}={0,-,2fc-l} 

(0, • • • , i - 1; i + 1, • • • , i + ii, ■ ■ ■ , i + % x H h i t + 1 + 1, • • • ,i + ii-\ \-i t + h+i + 

t;-- - , i + *i H h id-k-i + d — k,--- , i + %\ H h id-fc-i + ^d-fe + d — fc — 1). Note that 

some piece zo + ii + • • • + it + t + 1, • • • , io + ii + • • ■ + it + h+i + 1 may not actually appear in 

(mi, • • • ,m 2fc ) if i t +i = 0, so m 2k may be smaller than i +ii-\ \-i d - k -i+id-k+d—k—l = 

2k + d — k — 1 — d + k — 1. It is easy to see that < m x < m 2 < • • • < m 2k < d + k — 1. 
For such a (mi, • • • , m 2 fc), we have that Uq • • • • v d d I k + Y^' ^ ll ^mi-ii = 0, 

{il,-,i 2 fc}={0>-,2fe-l} 

where means that the sum is over all {h, - ■ • , l 2k } — {0, • • • , 2k — 1} with at least one 
of Zj ^ % — 1. Pick any monomial in and let Z 4 be the first one in (Zi, • • • , l 2k ) with 
the property l t ^ t — 1, then Z t > t — 1. Thus m t — k < m t — (t — 1). So a smaller 
factor Vmt-k appears in the monomial, which implies that this monomial is in front of 
^0° ' ' ' ' v% d-k ■ By our inductive assumption, the monomials in are linear combinations 

of e ±n^^,sois^----^_t- 

{h,-,hk}={0,-,2k-l} 
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Now from [■ ■ ■ : ( £ ±n v^- iHYf'^ U ^SSl^-i) :••■] = 

{h,-,hk}={0,-,2k-l} q 3 

[•••:( E ± n Vmi-u) ■ (E (2fc ~ 2fc) II ^C.'-S-'-^fc-i) :•••], we have that 

[•••: E ±11^^ :•••] = [••• : E ±11 :•••]• Since 

{h,-,i 2 fc}={0,-,2fc-l} {h,-,i2fc}={0,-,2fc-l} 

all the monomials of degree 2k are linear combinations of E ±11 v m i -i i - l the 

{Jl,-,J 2 *}={0,-,2fc-l} 

previous equation implies that [■ ■ ■ : Uq° ■ ■ ■ ■ v^Z^ :•••] = [•••: v % q • ■ • ■ '■ ' ' ' ] > which 
is exactly the 2&-uple embedding of f d ~ k in p( 2fc so [z/o : • ■ ■ : ^d-fc] = [^o : • • • : ^d-fc]- 
Arrange r^... i2fc . ... 2 &_i ^ n the lexicographical order. Let [./Jo . ... 2 k-\ ^ e the l &s t 
non-zero element in the coordinate of P among all r/ fc • n oh ,. Let v„ be the last 

o ,i2fc;0,--- ,2fc— 1 9 

non-zero element in the coordinate of P among z/ , • • • , z^-fc- Let rij = n° + q. Then 

E (2 " 2fe) n ^^';"3;::, 2 ,-i = < -%;5 fci o,., 2fc -i ^ o. From [. . . : 
( e ±n^j • (E (2 ^ 2fc) n^c^X-, 2fc -i) :•••] = [•••: 

0i,-,i 2 fc}={0,-,2fe-l} «?, 

( e ± n /) • (E (2fc ~ 2fc) n ,) :•••], we h ave that [• . . : 

0l,-,/ 2 fc}={0,-,2fc-l} qj 

( E ±n^-0 • (E ( ^-* ) n^^;:^;::. >2fc _ 1 ) :••■] = [•••: 

{il,-,l2*}={0,- ,2fc-l} qj 

( e ±n^-0 • (E^-^n^^s;::,^) :•••],«> E (2 " 2fe) n^ 

0l,-,J 2 fc}={0,-,2fe-l} <?, qj 

^i -i^o "■ 2fe ^ 1 ^ ^' ^i nce t^o : ' • • : ^d-fc] = [^o : ' • ' : ^d-fc], we have that v q is the last 
non-zero element in the coordinate of P among t> , ■ ■ • , &d-k- It follows from 

E^ 2 ~ 2k ^ EI V ,'™ j ^*q / 2k _ l 7^ that the last non-zero element in the coordinate of P 

qj u ' 2fe ' ' 

among all t^... i2k . ... 2 k-i is ec L ua l to or strictly behind !./j'° -o - 2fc-i- From the construc- 
tion and the symmetric role of v q and u q , we see that the last non-zero element in the coor- 
dinate of P among all ^..., i2fc;0 ,..., 2 fe-i is %,^° fc; o,- ,2k-i- So E (2k_2fc) 11 ^ ^f,.'"3o,". ,2k-i 

= <- 2fe ^';5 fc ;0,.,2 fe -i ^ 0. Prom [•••:( E ± II "m,- J • (E^ n 

{/l,-,/ 2fc }={0,-,2fc-l} <?j 

,2*-i) :•••] = [•••:( e ± n ^-j • (E (2fc - 2fc) n 

Oi,-,« 2 fc}={o,-,2fc-i} qj 
f'"' nj ~ q ~ j '"' )■■■■] wp havp HT( 2fc - 2fc ) FT ?y~ T'"' nj ~ 4j '"' • ;/2 fc -2fe T ~' n °i'- 1 

r u,-,j 2fc ;0,-,2fe-lJ • J' Wt! IldVt! LZ^ ll% T u,-,i 2fc ;0,-,2fe-l ■ U q T i\ ,- ,i° k ;0,- ,2fc-ll 

= [E (2fc " 2fe) n^^:^S;;:, 2fc -i = <- 2fe ^£ ; o,.,2 fe -i]- We will use this relation and 

h : ••• : ^d-fc] = fa : ••• : ^d-fc] to show that [• • • : J^... , i2fe;0 ,.. , 2fc -i : y] = [• ' ' : 
<t...,i 2fc; o,..,2 fc -i :•••]■ ^ simplicity let ^ = P g = ^.'"^.o,... >2fe _! = ^','^;o,.. , 2 fc-i = 
I. Then ^ = p,(i = 0,... ,d- fc) and E^-^n^C^^-i = E^n^ 
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T- ' nj - yj n 9i. i • Now let us show that r/ fe • . n 9t , = rf k ■ . n 9 . , . 

J' _J' 
Let r./ fc •/ n 9 ,_, and r., fc ., n 9 , , be the coordinate component of P and P 

innately in front of r p % . a ... 2i _, and ^ - S^"'-', 

respectively. If - ,i' 2k ) < ,*2fc)> then J re = (• • • , n°, • • • ). Pick rij = g + 

T7° Then V (2 * _2fc) FT i/- r'" • n J~*'"' - i/2 fc -2fc •"• n 5>"" _ -> n i>- u 

Wj-. men ^ 11 ^ r i' 1 ,...,i 2fc; o,-,2K-i - v q \,- ,i' 2k -,o,- ,2k-i - V^.-^a-^k-i De 

cause any o,- < q will give an element between r., k ., n „, , and r- ' 3 Jo . n 9t i, 

J' 

which is impossible due to the choice of { , . 2fc _ r Similarly for rij = q + n°, 

We nave ^ [[ V <lj\,- ,i/ 2k $,- ,2k-l ~ V q \,- ,i> 2k ;0,- ,2k-l ~ T q,- ,i' 2k ;0,- ,2k-V iNow 

ij 

Z^ ii v qj T i' 1: .- ,i' 2k ;0,- ,2k-l - 4- H^i Vl-^jO,- ,2*1-1 & 1Veb V 15 - ,i^;0,- ,2fc-l _ 
... n ° ... 

r i' 1 ,-..'i 2fc ;o,-,2K-r If (V" A) = »*2fc). then J'k = (••• ••)<(••• ,n°j,- ' •)■ 

p irk „.-„/+„ Thpn V-(2 fc -2fc) n - _ I/ 2*-2fc_- >»J>- , v-'(2 fc -2K) 

ricK - n^- + g. inen ^ ll^q^q,- ,q k -o,- ,2k-i ~ u q T q,- ,q k -,o,- ,2k-i + 2^ 

EI v % T q '-^2fc'0 ■■• 2fc-i' w here means that the sum is over all (jj with at least one less than 
q. Each term t^^.. 2k _ x in is behind ^.'"^.q,... , 2fe _i, so it is either t^.'^.q ... i2fc _! 
or zero and it agrees with f^~^'._ 2k ,• thus £' (2 II v ^q^ 2 %.. ,2k-i = E' ( ' ~ 2 "° 

n - --,n,-^,- Hence r "'^'" - i/ 2 *- 2 * r" _ y-(2 fe -2K) 

ll% T i°,-,i° fc ;0,-,2K-i- -nence i q,-- ,q k -,o,-- ,2k-i ~ "q 'q,- ,q k -,o,- ,2k-i — Z^ 

n.. - ,nj-qj,- _ V' (2fc_2fc) FT 7/ ~--' n i-V'- - S^(2 k ~2k) i-r ,nj-q jt - _ 

u q~3 1 q,- ,q k -,o,- ,2k-i Z^ 11 % 'q,-,q k ; o,-,2fe-i Z^ 11 ^ ,i° fc; o,-,2fc-i 

„ / (2*-2fc) n ••• ,n,-^,- _ 2 fc_ 2fe -,n' j ,- _ - ,nj,- Therefore in 

2^ ll% r i°,-,i° fe ;o,-,2K-i - ^ r i°,-,i° fc ;o,-,2K-i - r ^,- ,i° fc ;0,- ,2k-1" 1 n ereiore m 

j' ji 

either case we have r/ ,, , n = r,,* ., . n 9 ,_ r 

1' ' 2/c' ' 5 1' ' 2fc' ' ' 

Suppose that the correspondening coordinate components of P and P behind 

/v+i\* 2fc - 1 -^ ^ 23_1 -i 



T i|',-'-^;0,-,2K-i and 7 ii','..^2 fc ;0,-,2K-i in P 3-1 ;1 Kf<v. we will show that 

T U,'-^2fc;0,-,2K-l = 7 ii,'-!i 2t ;0,-,2i:-l aS Wel1 - 

(2 fc -2K) r r i) •••,n J -4i,- _ ^(2 fc -2K) 



Replacing rij with + g in the formula Yl '\ r ,'< ,,Jt)^-- ,2k-i = Yl II ^ 

% , , , , , 

=-."j-ftf.- wp havp thaf V-(2 fc -2fc) _ 2 fe -2K 

r u,-,j2 fc ;0,-,2K-l' We IldVe XIldt ll^ T U,-,j2fc;0,-,2K-l ~ V q T h,-,i 2k ;0,-,2k-l 

<?j 

^/(2 fc -2K) j-r -,Tlj+g-gj-,- _ v^(2 fc -2fc) i-r -- W+q-qj,- _ -2 k -2k=- , n h" 

"TZ^ 11 % 'ii,-,i 2fc ;0,-,2fc-l Z^ 11 % 'u,-,i2fc;0,-,2fe-l u q 'h,- ,i 2 fc;0,- ,2fe-l 

+ E K2-2K) n 

Vq~j r hP,i 2 l-,o q --'',2k~v where E' again represents the summation over all the 
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with at least one less than q. By our inductive assumption, ^ EI v % T i 1 ^t^-o--- 2k-i 

= E' (2 n%i^r'"S;0*'',2fc-i- So the P revious equation implies that <';^ 2 ' fc;0 ,..., 2 fc-i 
= "f 2A V" a* i = ^f" 2fc n : "' n T'-n a* 1 = T/'"" J ;'".n 2 * r This completes the 

( r i 1 ) k - jiVirl - ' f^ 1 - 1 

proof that the coordinate components of P and P agree in P J=1 

Essentially in the same way we can show that the coordinate components of P and P 

agree in / 2 } ( * } SS } for s = 3, 1, pCW^ 1 )" 1 , p( r a 1 )-(*2 1 )- 1 > 

and Pv 2 / v 4 J ) respectively. We leave it as an exercise to the interest readers. From 
the definition of $ fc+ i : p( fc + 1 )(» , + 1 )- 1 x P d ~ fc — ► P fe+1 C p(«*+i)(H-i)-i and ^ = ^(i = 
0, • • • , d — k), it is easy to see that the coordinate components of P and P in p( fc + 1 )( r + 1 )- 1 
agree as well. This completes the proof that F is injective. 

Since F is an injective morphism between projective varieties, it is finite and hence 
closed. That 7r _1 (P fc +i \ Rk) C P(IV x F d ~ k ) and F closed implies Rk+i, the closure of 
7r _1 (P fc+ i \ R k ) in T (fk , is a subset of FiY^ x P d ~ fc ), so F is onto. 

Now we have proved that F : x f> d ~ k — > R k+l is a bijection. In order to show 
that F is actually an isomorphism, it is enough to show that F is a closed immersion. 

By a local criterion on closed immersion (see, for example, Proposition 7.3, Chapter 
II in Hartshorne [3]), we need to verify that the coordinate functions in F separate points 
and tangent vectors. That the coordinate functions in F separate points has been shown 
above. Now let us show that they also separate tangent vectors. 

Since F is a homeomorphism onto R k +i, to show that the coordinate functions in F 
separate tangent vectors, we only need to show that the morphsim of sheaves — ► 
F*Or , x¥ d ~ k is surjective. We check this surjectivity on stalks. 



( r + x ) ■ n ( 2 2 !Ti~ J - ) - 1 

From the proof of injectivity, we see that F restricted to W d ~ k x P 3=1 3 

(r + l\ k k yT 2 ( 2k-l-j ■\ 2J ~ 1 1 (r + l\ k (d+k\ k ^, 2 (d+ik-l-m 2 ^ 1 , 

i • md-k mA 2 ' • i V2(fc-i-j)J 1 V 2 ) \ 2k )' 11 I 2{k-i-j) ) 1 

gives a morphism G : P x P J=1 — >■ P J=1 , 

where G(h : ••• : fd-*];[--- ■ <',.'"£;o,-,2fe-i : •••]) = [••• : ( £ ± 

0l,-,/ 2 fc}={0,-,2fc-l} 

n^-o • (£ (2fc - 2fc) n^ ^;:"S;:, 2fe -i) = •••]■ Let g = p^)-^ 

( r ^ 1 ) fe - fc n 2 ( d 2 + i' c ~i 1_J) ) 2J_1_1 ( r 2 1 ) fc '( d 2 t fc fe )' fe n 2 ( d 2 + i' : "i 1_J) ) 2J_1 ~ :L 

P 2 J=1 2(fc 1 3) — > P 2 2fc j=1 2(fc 1 J) be the standard Serge embed- 

( r t 1 ) k - k fl (2 2 t~l~ j ) 2 '~ 1 - 1 

ding. Then G can be decomposed as GoH, where P : P d ~ fc x P 2 2<fc 1 J) — >■ 

U d + k )-i 2 ' ^Wk-i-j)) 



2k 



)-l TTD 2 > ' l \\2(k-l-j)) 1 . . 

/ x P J- 1 is the morphism sending [uq : • • • : Vd-k\] [' 



C"^;0,, 2 ^i ■ ■■■} ^to [••• : E ±U^- h : .••];[•••: EK 

{Ji,-,«2fc}={0>-,2fc-l} 

r *i ''"■'■hk-o 2k-i '■ '"]• Since G is an embedding when restricted to the image of P, 
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then £ ±U^- h and E (2fe " 2fc) n ^ T n,'-^2^o,-,2ik-i are l° ca lly regular 

0l,-,«2fc}={0,-,2fe-l} 9j 

functions in terms of u-'^ 3 '- " .„,, „, . We have showed that all the monomials of degree 
2k in ^o, • • • , Vd-k are linear combination of ^ ± X\v mi -i % - So locally 

Oi,-,J 2 fc}={0--,2fc-l} 

^o, • • • , Vd-k are regular functions of ±11 ^rm-U- Therefore v Q ,--- , v d -k 

{il,-,i2fc}={0>-.2fc-l} 

are locally regular functions in terms of -u^ 'H. J ' i2k . mi ... „ l2k - 

Given any point Q in i? fc+1 , let = -P. We need to show that q — ► 

C r , x pd-fe p is surjective. 

Pick affine neighborhoods around P and Q. For convenience we still use the same 
letters to represent coordinates but the reader should be aware of that they are affine 
now. Consider the following linear equations in unknown variables fiij, Tj l5 i 2;mi)m2 , 

Ti 1 ,---,i 4 ;m 1 ,-,m i and T^... t i 2a - mit ... , m2s , S = 3, • • • , k\ 



E E ^ 



p+g=j 



^2^1*2 ,pip2 ^ii,i2;mi,m 2 



Pl+gi=mip2+Q2=m 2 

mi TO2 ™3 ™4 



^ ]^ ]^ ]^ ] ^gi^g2^g3^g4 7 ''l»2»3»4;"tl-gi,m2-g2,m3-'?3,™4-'?4 ~~ U il,— ,i4-,mi,— ,1714 
qi =0<?2 =0<?3 =0g4=0 



E (2s, E ,2 '"" 1 n%-ri''«c"S''" 

g* <?j 



/ , / y 11 " yi 11 "1j ' H,--- ,t2 s ;mi-qi,- ,m2 s -q2s ,«2 s ;mi,--- ,m2s 



5 — 3 . * * * , /l 

By the injectivity of F, for part of the coordinates uq, ■ ■ • , Vd-k in P and the coordinates 
Sij, Wii,i2;mi,m 2 i ^n,— ,i 4 ;rrii,- ,m 4 ) J ,i 2 «;mi,— ,m2« ' s = 3, • • • , A; in Q, the above linear equa- 
tions have a unique solution, which implies that the coefficient matrix is of full column 
rank and fi id ,T ilM . muni2 , r iu ... M . mit ... ttn4 and ^...,j 2s;mi ,..., m2s , s = 3, • • • , k are given by 
quotient of determinants involving = 0, - • • , d — k and s^-, Ui u i 2 - mum2 , Ui u ... ,i 4 ; mi ,..., m4 , 
u iir,i2,;mi,-,m2 S ' s = 3, • • • , Since full column rank is an open condition, by shrinking 
the affine neighborhood of P if necessary, we can assume that the coefficient matrix is of 
full column rank everywhere in the neighborhood. Hence r ilji2;mijm2 , r^... ji4;mi) ... >m4 

can be given by quotient of determinants involving vari- 
ables — 0, • • • , d k, Sij ,1^,12 ;mi,m2 ) u ii,--- ,? 4 ;mi,--- ,m 4 j and U^ ... ) j 2s;mi) ... >m2s ; s = 3, • • • , /c 
locally. We have known that locally i/j, i = 0, • • • ,d — k are regular functions in terms of 

,i2fe;mi,— ,m 2fc ' SO l oc ally 7 ii,i 2 ;mi,m2 i r ii,— ,i 4 ;mi,— ,m 4 and T^... ,i 2s ; mi) ... , m2s > S = 3, • • • 

,fc are regular functions in terms of Sij,Mn,i 2 ;mi,m2,^i,-,i 4 ;mi,-,m 4 , and < 1 ' i '"^ ;mi> ... im2s , 
s = 3,- • • , fc. This completes the proof that — > F,(9 r , x p d - fe is surjective. So F is 
an immersion. 

Since F : x P d ~ fe — ► R k+1 is a bijection and immersion, it is an isomorphism. The 
smoothness of Rk+i follows from that of x f d ~ k . Therefore the (k + l)-th blow-up can 
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be carried out. This completes the proof that the iterated blow-ups along the strata (or 
its proper transformations) of M^(P r ) \ M^(P r ) can be done. The final outcome of the 
iterated process is T^, whose boundary consists of an exceptional divisor E d and d — 1 
proper transformation of the exceptional divisors Ei,i = 1, • • • , d — 1 appearing in the 
first (d — 1) blow-ups. To complete our proof of theorem 1.1, we only need to show that 
the union of and E i} i = 1, ■ ■ ■ , d — 1 are normal crossing divisors. 

For d — 1, we have known that the boundary consists of an exceptional divisor, which 
is of course normal crossing. Suppose that the iterated blow-ups can be carried out for 
the space of holomorphic maps of degree less than d and the final outcome has normal 
crossing boundary. From the proof of the smoothness of Rk+i, we see that F induces 
an isomorphism between (E' k fl U E'i) x F d ~ k and R k+ i fl (E k fl U E) for any subset 

I of {1, • • • , k — 1}. So Rk+i H (E k fl U Ei) is smooth, which implies that E k+1 and 

iei 

Ei,i — 1, • • • , k are normal crossing. Carrying out the whole iterated blow-ups will give 
that Ed and Ei,i = 1, ■ ■ ■ , d — 1 are normal crossing divisors. 
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